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Abstract. Since the vessels in the biological tissues are characterized by low seepage Reynolds numbers and contracting or
expanding walls, more attention is paid on the viscous ﬂow outside the porous pipe with small expansion or contraction. This
paper presents a numerical solution of the ﬂow and heat transfer outside an expanding or contracting porous cylinder. The
coupled nonlinear similarity equations are solved by Bvp4c, which is a collocation method with MATLAB. The effects of the
different physical parameters, namely the permeability Reynolds number,the expansion ratio and the Prandtl number, on the
velocity and temperature distribution are obtained and the results are shown graphically.
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1. Introduction
In biological organisms, many studies are made on a particular ﬂuid transport inside porous vessel with
small expansion or contraction, which help us to better understand the function of biological ﬁlters such
as kidneys and lungs[1]. Uchida and Aoki [2] ﬁrst proposed the model of unsteady ﬂow in a pipe with
expanding or contracting walls. In their work, the parameter of expansion ratio was introduced to describe
the movement of the wall and the pipe was impermeable. Later, Goto and Uchida [3] considered the
unsteady incompressible laminar ﬂow in a semi-inﬁnite expanding pipe with injection or suction through
the porous wall. Bujurke et al.[4] analyzed the unsteady ﬂow in a semi-inﬁnite contracting or expanding
pipe by series method. Considering the different values of Reynolds number and expansion ratio,the
asymptotic and numerical solutions were also obtained by Majdalani, Zhou [5–7] , Dauenhauer and
Majdalani [8]. Currently the ﬂow through the porous deforming channel was investigated by Asghar et
al.[9] and Dinarvand et al.[10,11] using Adomian decomposition method(AMD) and Homotopy analysis
method(HAM), respectively. The Lie symmetric method was also used by Boutros[12,13] to investigate
*Address for correspondence:Xinhui Si, Department of AppliedMathematics, University of Science and Technology, Beijing,
100083, China.Tel.:62332993; Fax:62332993; E-mail:sixinhui_ustb@126.com.
0959-2989/15/$35.00 © 2015 – IOS Press and the authors.
DOI 10.3233/BME-151315
IOS Press
Bio-Medical Materials and Engineering 26 (2015) S279–S285
This article is published with Open Access and distributed under the terms of the Creative Commons Attribution and Non-Commercial License.
S279
the ﬂow in pipe or channel with the same boundary conditions, respectively. Furthermore, the asymmetric
laminar ﬂow in a porous channel was discussed by Si et al.[14], in which they analyzed the effects
of the different permeability Reynolds number with considering the expansion ratio. However, all of
above works, the ﬂuid considered in a channel or pipe is Newtonian ﬂuid. Srinivasacharya et al.[15] ﬁrst
studied numerically the ﬂow of a couple stress ﬂuid in a porous channel with deforming walls using
quasilinearization technique. Recently, Xu et al.[16] , Si et al.[17,18] discussed the existence of multiple
solutions for the ﬂow through porous channel or pipe with deforming walls using HAM or singular
perturbation method, respectively.
Furthermore, some reports were found in literatures for the ﬂuids outside the deforming walls. The
pioneering work was done by Wang[19], who considered the ﬂow over stretching cylinders and obtained
the asymptotic solution for large Reynolds number using perturbation method. Ishak et al.[20] studied
the MHD ﬂow and heat transfer due to a stretching cylinder, and they [21] also investigated the effect
of uniform suction/injection on ﬂow and heat transfer due to a stretching cylinder. Both problems were
solved numerically by the Keller-box method. Aldos and Ali [22] discussed the MHD free forced con-
vection from a horizontal cylinder with suction and blowing. Recently, Fang et.al[23] discussed the un-
steady viscous ﬂow on the outside of an expanding or contracting cylinder and there is no permeability
on the boundary.
The aim of this paper is to investigate the exterior ﬂuid ﬂow and heat transfer due to the orthogonally
moving wall of a porous hollow tube. The exterior problem is usually difﬁcult to be solved numerically
by a direct solver for Navier-Stokes equations because of the unbounded domain. The problem can be
solved by a BVP solver of ODEs. The effects of different parameters, especially the expansion ratio and
the permeability Reynolds number, on the velocity ﬁelds and temperature distribution are studied and
shown graphically.
2. Formulation of the problem
Consider the laminar ﬂow of an incompressible viscous ﬂuid caused by a porous cylinder, whose
radius is a(t) and expands or contracts uniformly at a time-dependent rate a˙(t). As shown in Figure 1,
the z-axis is measured along the axis of the cylinder and r-axis is measured in the radial direction. The
wall has equal permeability vw. Assume u and v to be the velocity components in the z and r directions,
respectively. The surface of the cylinder is a constant temperature Tw and the ambient ﬂuid temperature
is T∞ , where we assume Tw > T∞. The viscous dissipation is neglected.
Under these assumptions, the governing equations can be expressed as follows[19–21,23]:
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Fig. 1. porous cylinder with expanding wall
where ρ, p, ν, c and k are density, pressure, kinematic viscosity, speciﬁc heat at constant pressure
and the coefﬁcient of thermal conductivity, respectively. According to Refs.[12,13,19,23], the boundary
conditions are
u = 0, v = −vw = −Aa˙, T = Tw; r = a(t), v → 0, T → ∞; r → ∞, (5)
where A = vwa˙ is a constant, which is considered as the measure of wall permeability [12,13].
Introduce the similar transfoms[13]
u =
νzFξ(ξ, t)
a2ξ
and ψ = νzF (ξ, t), v = −νF (ξ, t)
aξ
, θ =
T − T∞
Tw − T∞ , η = ξ
2. (6)
Substituting ψ, θ into Eqs.(1)(2)(3) and (4), one obtains the following differential equations:
ηf ′′′ + f ′′ +
Re
2
(f ′′f − f ′2) + α
2
(ηf ′′ + f ′) = 0, (7)
ηθ′′ +
θ′
2
(Prηα+ PrRef + 1) = 0, (8)
where Re = avwν is the permeability Reynolds number, Pr =
ρcυ
k is the Prandtl number, f =
F
Re and
α = aa˙ν is the wall expansion ratio. It should be noted that the expansion ratio is positive or negative
depending on the expanding or contracting walls, respectively.
The corresponding boundary conditions become
f ′(1) = 0, f(1) = 1, f ′(∞) = 0, (9)
θ(1) = 1, θ(∞) = 0. (10)
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Fig. 2. variation of f, f ′ for different α as Re = 3
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Fig. 3. variation of f, f ′ for different α as Re = −3
3. Results and discussion
Obviously, there exists a trivial solution f(η) = 1, which satisﬁes the Eq.(7) and boundary conditions
(9). The non-trivial solution is obtained numerically using a collocation method equivalent to the fourth
order mono-implicit-Runge-Kutta method programmed in MATLAB[24].
Figures 2,3 show the effects of the expansion ratio on the velocity as the permeability Reynolds number
is ﬁxed. As there exists suction velocity on the wall(Re = 3), the radical velocity is a decreasing function
of expansion ratio and the magnitude of the peak of the axial velocity also decreases with the increasing
values of expansion ratio when the cylinder is expanding(α is positive).In addition, when η → ∞, the
axial velocity becomes zero and the radical velocity becomes a constant. As there exists injection velocity
on the wall, the proﬁles of the radical and axial velocity are different dramatically compared with Figure
2. The radical velocity is an increasing function of expansion ratio and the magnitude of the maximum
axial velocity also increases with the expansion ratio when the cylinder is expanding(α is positive). When
η → ∞, the axial velocity also becomes zero and the radical velocity becomes a constant. Figure 4
presents the temperature distribution for various values of α. It is observed that the temperature decreases
with increasing expansion ratio, which decreases with the increasing distance from the surface and ﬁnally
vanishes at some large distance from the surface of the cylinder.
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Fig. 4. variation of θ(η) for different α as Pr = 0.5
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Fig. 5. variation of θ(η) for different Pr
Figure 5 gives the illustration of the effects of the Prandtl number on the temperature distribution. We
can ﬁnd that the temperature is the decreasing function of Prandtl number, and it decreases from 1 to 0
as the distance from the surface increases.
4. Conclusion
The solution for the laminar ﬂow outside a porous deforming pipe is obtained by a combined ana-
lytical/numerical method. Using suitable transformation, the Navier-Stokes equations are reduced to a
system of nonlinear ordinary differential equations, which includes the expansion ratio and the Reynolds
number. This boundary problem includes dual solutions, one of which is a trivial solution. The non-trivial
solution is obtained by a fourth order collocation method, which is inﬂuenced by the Reynolds num-
ber and the expansion ratio. For the temperature distribution, we can found that the temperature is the
decreasing function of the Prandtl number, the permeability Reynolds number and the expansion ratio.
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